Department of Industrial Engineering & Operations Research

IEOR 165 (Spring 2017)

Homework 3

Due: Thursday Jsiees+6- Af“-‘ b

Question 1. Recall from the previous homework the maximum likelihood estimate derived from
iid data X1,..., X, with the pdf

fl@) =02z 0<z 0<60<o0

Find the bias, variance, and mean squared error (MSE) of the estimate émle.
Hint: You can use the fact that X; ~ Erlang(2,6) and that Y ~ Erlang(2n,0) if Y =" | X.

Solution: From the solution set of homework 2 we see that émle = aninx and we need to find
=17
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Bias(0,,;) and Var(f,,;.). First to compute Bias(6,,,;.) we need to find E[0,,]. Using the hint we
can find this expectation as follows:

-1, exp(—0y) - 62n

. _ 1 _ e8] y—l . y2n
]E[Hmle] - QHE[?] - 2nA (27'L — 1)| dy (1)
_ 2n# /°° y?n—2g2n-1 exp(—@y)d _ 2nf
T o1, (2n — 2)! Y= o1

So Bias(Opie) = E[0mie] — 0 = ﬁir Now let’s compute the variance, we note that Var(6,,,.) =

4n2Var(%). Since we have already computed the first moment of % we just need to compute the
second moment:

E[i] B /oo an—3 exp(—@y)e% B 92 /oo y2n—3 exp(—@y)HZ"_Qd
vz~ (2n — 1) YT ln-DEn-2) J (2n — 3)! Y
62 (2)
T 2n—-1)(2n-2)
Hence:
62 62 4n262

Var (i) = 4n’( - ) =

(2n—1)2n—2) (2n—1)2 (2n —1)%(2n —2)

Finally to compute MSE we use the formula MSE(émle) = Var(émle) + Bias(émle)Q:

R B 4n?0? 0° _ 6’(n+1)
MSE(lee) - (2n — 1)2(21’L — 2) + (2n — 1)2 B (2n — 1)(” — 1)
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Question 2. In the same setting as problem 1, recall that a shrinkage estimator is an estimator
which is a constant multiple of the MLE estimator (i.e. Ogprink = kOmie for some constant k).
Compute an unbiased shrinkage estimator and minimum MSE shrinkage estimator for . What is
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the bias, variance, and MSE of these estimators?

~

Solution: To obtain the unbiased shrinkage estimator we note that E[f,,;.] = 2

2n—1

can use éunb = gg—glémle. Clearly this estimator has zero bias so the MSE is equal to Var(éunb) =
2

(25)2Var (Bnic) = 57—
Next to find the minimum MSE shrinkage estimator we can solve the problem:

0, hence we

mkinIE[(k:émle —0)?] (5)

By taking the derivative and setting to zero we get that the optimal value for k is given by
H]E[émle} 2n—2
k p—

. We can compute the bias and variance as follows:

E[62,,,] 2n
Bias(Fnac) = (2o 2Vl —0 = 5 .
Var(fnse) = (2”2; 22 Var(Bye) = W
So using the formula for MSE we obtain that:
MSE(Bye) = 21— 20, _# & (7)

2n—1)2  (2n—-12 (2n-1)

Question 3. River floods are often measured by their discharges (in units of feet cubed per second).
The following table gives the flood discharges of the Blackstone River in Woonsocket, Rhode Island,
in each of the years from 1956 to 1965.

Year Flood Discharge (ft3/s)

1956 6035
1957 6804
1958 5018
1959 5862
1960 8064
1961 8095
1962 4326
1963 4703
1964 3849
1965 5576

Take the yearly flood discharge as a random variable X. Use the above data to estimate the cdf
Fx(5000) using empirical distribution function.

Solution. From the definition,

10
A 1
= — P < =0.3.
Fx (5000) = 75 ; 1(X; < 5000) = 0.3
Question 4. In the context of Question 3, estimate the density at 5000, i.e. fx(5000), using
histogram method with bin edges {0, 2000, 3000, 4000, 4500, 5000, 5500, 6000, 10000} .



Solution. From the definition,

Cj

hzs
5000 -_
(5000) = 35, = 5, 1)

where b; ;1 = 5000 and b; = 5500. Then C; = 312, 1(5000 < X; < 5500) = 1 and f%*(5000) =
o555 = 0.0002.

Question 5. In the context of Question 3, estimate the density at 5000 using kernel density ap-
proach. Suppose we choose the uniform kernel and A = 300.

Solution. We first compute K (ufhxl) as follows

K ((5000 — 6035)/300) =
K ((5000 — 6804) /300) =
(5000 — 5018)/300) =
(5000 — 5862)/300) =
(5000 — 8064)/300) =
(5000 — 8095)/300) =
(5000 — 4326)/300) =
(5000 — 4703)/300) =
(5000 — 3849)/300) =
(5000 — 5576)/300) =
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So the kernel density estimate is

u—X 1 —
K( = 0.00033.
FX (5000) = — Z = 15300 = 0-00033



